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Coupling modes of gold trimer superstructures
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An experimental and theoretical examination of the coupling modes within
superstructures of gold nanorod trimers is presented. The experimentally determined
spectrum of the nanorod trimers is reported and the modes are elucidated using an
electrostatic eigenmode method based on the coupling of evanescent electric fields. The
theory is able to reproduce the experimental spectrum well, and the nature of the modes
and interactions are discussed.

Keywords: surface plasmon resonance; plasmon hybridization; plasmon coupling; trimer;
eigenmode; gold nanorod

1. Introduction

The interaction of electromagnetic radiation with nanosized metal particles
leads to a collective oscillation of the electron cloud, giving rise to a localized
surface plasmon resonance. This phenomenon results in the concentration of
electromagnetic energy at the particle surface, known as the near-field. The near-
field electromagnetic enhancement is dependent upon the size and shape of the
particle, with a larger degree of focusing occurring at sharp apexes of the particle.
The close approach of two nanoparticles to within 2.5 times the particle diameter
leads to a significant overlap of their electromagnetic near-fields, resulting in an
interaction between their localized surface plasmon resonances. This interaction
has been exploited in a number of applications, including surface-enhanced
Raman spectroscopy (SERS) to allow the detection of single molecules [1–5], the
universal plasmon ruler, which has been used to measure the distance between two
metal nanoparticles in biological systems [6–9], and in optoelectronics, where the
near-field coupling of nanoparticles spaced less than two diameters apart results
in the transmission of light energy down a nanoparticle chain [10–14] or through
an array [15], giving rise to waveguiding effects in which the energy is confined
to sub-wavelength dimensions.

The near-field interaction between nanoparticles is highly distance-dependent
and this distance dependence has been investigated extensively for pairs of
spheres and discs, both lithographically fabricated, and for single crystals
*Authors for correspondence (alison.funston@monash.edu; tj.davis@csiro.au).
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[7,16–21]. More recently, it was determined that the degree of coupling
between crystalline particles of lower symmetry (nanorods) is highly dependent
on the geometry of the constituent particles [17]. The interaction between
two particles has been modelled theoretically using a number of methods,
including classical descriptions such as the discrete dipole approximation
(DDA) [16], the boundary element method (BEM) [22], finite-difference time
domain (FDTD) and multipole expansion methods [23]. These have recently
been reviewed and compared [24] and the reader is directed to this review
for more information. More recently, a quantum mechanical description has
been developed, which has highlighted the importance of electromagnetic
screening and electron tunnelling in the interparticle gap at very small particle
separations [25].

For systems containing a larger number of particles with variable geometry, the
modelling of the coupling becomes more difficult. One approach to circumvent
this is to use the electrostatic approximation, which allows us to represent
the interactions in terms of the natural plasmonic resonances (eigenmodes)
of the metallic nanostructures. This representation makes the formalism
applicable to arbitrary shapes and leads to relatively simple relationships for
the coupling between nanostructures. Recently, we reported an extension of the
work of Mayergoyz et al. [26] on the electrostatic resonances of nanoparticles,
also known as the non-retarded BEM [27], to include the effects of interparticle
coupling and radiation losses [28]. Simple analytical expressions for this model
have been derived that enable us to estimate the resonant frequencies and modes
in coupled systems of nanoparticles [29]. Here, we use this model to identify
resonant modes associated with experimental optical spectra from trimers of
nanorods in different geometries. Although the model is unable to predict the
resonance wavelengths accurately at small interparticle separation, it is able to
highlight the key features observed in the spectra.

2. Experimental procedures

The particles were chemically synthesized [30,31] and are single crystals. To
correlate the geometry and size of the nanorods within the trimers and their
scattering spectrum, we used a focused ion beam (FIB)-based registration method
[32]. The rods were dispersed in indium tin oxide (ITO)-coated glass slides, and
markers were etched in the substrate using an FIB [32]. The etched markers were
located and imaged, and the scattering spectra of the particles around the markers
were collected using a dark-field microscope. The microscope setup consisted of
a 0.8–0.95 numerical aperture (NA) dry dark-field condenser and Nikon Plan
Fluor ELWD 40×/0.60 NA objective coupled to a MicroSpec 2150i and Pixis
1024 Acton thermoelectrically cooled charge-coupled device (CCD) (Princeton
Instruments). The excitation light in this setup was unpolarized. The scanning
electron microscope (SEM) images of the same particles were also collected,
allowing direct correlation of the size, shape and arrangement of the trimers with
the scattering spectrum. The trimers were formed largely fortuitously when the
rods were spin-coated onto the ITO; the vast majority of rods in the samples
existed as separated, single crystals.
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Figure 1. Scattering spectrum of gold nanorod trimers on ITO and in air. Insets show the SEM
images of the particles giving rise to each scattering spectrum. Scale bar, 100 nm. (Online version
in colour.)

3. Results and discussion

The scattering spectra and SEM images of gold nanocrystal trimers with the
particles arranged in various configurations were collected and these are shown in
figure 1. All these particles are arranged as close as possible to one another; from
the SEM image, we estimate that this spacing is of the order of 1 nm, close to the
resolution of the SEM image. The cetyl trimethylammonium bromide (CTAB)
surfactant molecules coating the gold rods are 1.7 nm long [33]. A monolayer
on each surface yields a separation of 3.5 nm, while complete interdigitation
would lead to a separation of the order of 1–2 nm [33]. Within these trimers,
the particles are interacting; however, the individual resonances of the three rods
in the fully decoupled limit vary slightly due to small differences in aspect ratio.
The individual rods shown in figure 1 have aspect ratios varying between 2.1 and
2.7, and their individual, uncoupled plasmon resonances are expected to vary
between 624 and 678 nm [17].
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The interaction between the three nanoparticles is analysed using the coupling
theory of Davis et al. [28,29,34]. The theory represents the resonances in terms of
surface-charge eigenfunctions that are excited by the electric field of the incident
light (some examples of the eigenfunctions are shown later). The strength of the
excitation is described by an excitation amplitude aj

q(u) for mode j of nanoparticle
q. An approximate analytical expression for the excitation amplitude is

aj
q(u) ≈ − Aj

qp
j
q .E0(u)

u − u
j
q + iGj

q/2
, (3.1)

where pj
q is proportional to the dipole moment of mode j of particle q, E0(u)

is the amplitude of the electric field vector associated with the incident light,
which is approximated as a constant over the nanoparticle, u

j
q is the resonant

frequency of the mode, G
j
q is the loss term in the Drude model for the metal

electric permittivity and Aj
q is a constant. For convenience, we write the resonance

frequency and the loss term as U
j
p = u

j
q − iGj

q/2. When this nanoparticle is placed
in an ensemble of N nanoparticles, the excitation amplitudes are affected by the
evanescent electric fields from the nearby nanoparticles. The modified excitation
amplitude ãk

p of the nanoparticle in the ensemble can be expressed in terms of
the excitation amplitudes of the isolated nanoparticles by

ãk
p (u) =

∑
q

∑
j

(dpqdkj − Ckj
pq (u))−1aj

q(u). (3.2)

This equation can be thought of in terms of the inverse of a matrix involving
coupling coefficients Ckj

pq (u). In the situation we analyse here, we consider only
one dominant resonant mode for each nanoparticle and we will drop the mode
index. Specifically, for three coupled nanoparticles each exhibiting one dominant
resonance, equation (3.2) can be written as

[ã1
ã2
ã3

]
=

[ 1 −C12 −C13
−C21 1 −C23
−C31 −C32 1

]−1 [a1
a2
a3

]
. (3.3)

This equation requires the inverse of a 3 × 3 matrix [35], which is straightforward.
The resulting equation linking the excitations of each nanoparticle when isolated
to the excitations when coupled is

[ã1
ã2
ã3

]
= 1

D3

[ 1 − C23C32 C12 + C13C32 C13 + C12C23
C21 + C23C31 1 − C13C31 C23 + C21C13
C31 + C32C21 C32 + C31C12 1 − C12C21

] [a1
a2
a3

]
, (3.4)

where D3 = 1 − C12C21 − C13C31 − C23C32 − C12C23C31 − C13C32C21 is the three-
particle determinant of the matrix inverse. Note that the excitation amplitudes
in the ensemble become large when the real part of the determinant is zero,
Re D3 = 0. This is the condition for a resonance in the coupled system.
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The coupling coefficient Ckj
pq determines the effect of the evanescent field from

mode j of particle q on the resonance of mode k of particle p. This can be put in
the form [29]

Ckj
pq ≈ − Gkj

pq

(u − Uk
p)

, (3.5)

where the geometric coupling term Gkj
pq is related to the electric field from particle

q as determined by Coulomb’s law. Here, we define Gkj
pp = 0. The geometric

coupling depends on the distribution of the surface charges associated with the
resonant mode of the nanoparticle and the effect of the electric field from these
charges on the neighbouring nanoparticle. To the lowest order, it can be expressed
in terms of the dipole moments of the modes [29]

Gkj
pq ≈ Ak

p

4pebd3
pq

(3(pk
p · d̂pq)(pj

q · d̂pq) − pk
p · pj

q), (3.6)

where d̂pq is the unit vector from the centre of the nanoparticle q to the centre
of the nanoparticle p and dpq is the distance. The electric permittivity of the
background medium is eb. Equation (3.6) is useful in estimating the relative signs
of the geometric coupling terms. It can be seen that, in this approximation, the
coupling is symmetric, Gkj

pq = Gjk
qp. However, to understand the general behaviour

of the coupling, we can often leave Gkj
pq as an unknown parameter.

The trimer geometries we analyse in this paper are shown in figure 2, where
the three particles lie in the same plane. These are representations of the trimers
observed experimentally, as shown in figure 1. The arrows on the nanoparticles
indicate the directions of the dipole moments. This is useful in determining the
relative values of the excitation amplitudes aj

q of the isolated nanoparticles, as
required in equation (3.1), and it allows equation (3.6) to be used to estimate the
relative magnitudes of the geometric coupling. Also shown in figure 2 is the angle
f that defines the direction of polarization of the incident electric field.

We first analyse the structure shown in figure 2a. We will assume that the
nanoparticles are identical, with a resonance frequency UR, and assume that
nanoparticles 1 and 3 are not directly coupled, G13 = G31 ≈ 0. The dominant
coupling is G12 = G21 = G32 = G23 = −G, where G > 0 is a constant. The negative
sign is consistent with equation (3.6). The determinant of the matrix inverse with
these geometric coupling terms leads to the equation

(u − UR + √
2G)(u − UR − √

2G) = 0.

This demonstrates two modes: one mode has a higher frequency (larger energy)
than the individual nanoparticles and the other a lower frequency. There is a third
resonance related to the uncoupled nanoparticles given by (u − UR) = 0. The
resonant modes corresponding to these frequencies have been calculated using a
numerical solution to the electrostatic eigenvalue problem [26,28] and are also
shown in figure 3a in order of increasing energy. If the nanoparticles 1 and 3 are
tilted at an angle q (see figure 2a), then the excitation amplitudes of the isolated
nanoparticles are a1 = −a cos(q − f)/(u − UR), a2 = −a sin f/(u − UR) and
a3 = a cos(q + f)/(u − UR), where f is the angle of the polarization vector of the
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Figure 2. The trimer geometries that are analysed using the electrostatic model. These correspond
to the configurations of figure 1. The arrows indicate the default directions of the dipole moments
of the resonant modes that are used to estimate the relative excitation amplitudes and the Coulomb
coupling. Also shown is the tilt angle q of the nanoparticles in configuration (a) and the polarization
angle f of the incident field.

incident field (as shown in figure 2). Let du = u − UR. Then using equations (3.4)
and (3.5) the excitation amplitudes of the coupled nanoparticle resonances are

ã1 = a
(G2 − du2) cos(q − f) + G2 cos(q + f) − Gdu sin f

du(du − √
2G)(du + √

2G)
, (3.7)

ã2 = −a
G cos(q − f) − G cos(q + f) + du sin f

(du − √
2G)(du + √

2G)
(3.8)

and ã3 = −a
(G2 − du2) cos(q + f) + G2 cos(q − f) + Gdu sin f

du(du − √
2G)(du + √

2G)
. (3.9)

The scattering spectrum is proportional to |p|2, which involves the total dipole
moment p = ã1p1 + ã2p2 + ã3p3, and this, in turn, depends on the individual
dipole moments pq of the modes of each nanoparticle. Here, we have assumed
that the magnitudes are the same but they have different orientations, as
shown in figure 2. The scattering spectrum calculated using equations (3.8)–
(3.10) is shown in figure 3a. The polarization-averaged spectrum reproduces the
experimental results for this arrangement as a single main resonance with some
structure. The calculation depends on the coupling parameter G that relates
to the Coulomb interaction between the surface charges associated with the
localized surface plasmons. As derived above, this parameter controls the shift
of the resonances according to u = UR ± √

2G. The width of each resonance is
determined by the internal losses in the nanoparticles, described by the Drude
loss factor G. We have chosen G to be slightly smaller than G so that the
calculated spectrum resembles that in figure 1. For light incident with f = 90◦,
all three particles are excited and the resonance mode is spread across the entire
structure. There is, however, little coupling to the perpendicular rod (as oriented
in figure 3a) upon excitation with light with f = 0◦. A strongly coupled dark
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Figure 3. The modes associated with the coupled nanoparticles and the spectra calculated using
the analytical formulae corresponding to the trimer configurations in figure 1. The frequency is in
units of the loss parameter G with the origin set at uR for (a) and (b) and at uR − Gl for (c), and
the spectra have been averaged over the incident light polarization. The modes were determined
using a numerical solution to the eigenvalue problem [26,28]. The colour represents the strength of
the localized surface plasmon resonance, with blue positive and red negative. The parameters used
in calculating the spectra were: (a) q = 20◦, G/G = 0.67, (b) G/G = 2 and (c) G/G = 1.5, b/a = 0.5,
uH/G = 2. (Online version in colour.)

mode is also predicted. This calculation compares well with the experimental
data, particularly considering the approximations that have been used to derive
the equations.

The structure in figure 2b has nanoparticle 2 perpendicular to nanoparticle 3.
On the basis of the dipole formula (equation (3.6)), there is no coupling between
them. This is not generally true because there will be coupling between the higher-
order multipoles associated with the resonant modes. However, for our simple
analysis we will take this coupling as small. Also, we will assume that nanoparticle
1 does not couple to nanoparticle 2 so that G12 = G21 = G23 = G32 = 0. Again,
assuming that the nanoparticles are identical, with resonance frequency UR, then
the remaining coupling is G13 = G31 = G, where G > 0. The resonances of the
coupled system are obtained, as before, from the determinant of the coupling
matrix, leading to

(u − UR + G)(u − UR − G) = 0.
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This shows a splitting of the resonances of nanoparticles 1 and 3. There is
a third resonance given by (u − UR) = 0, which corresponds to the uncoupled
second nanoparticle. The excitation amplitudes of the isolated nanoparticles
are a1 = a3 = −a cos f/(u − UR) and a2 = a sin f/(u − UR), so that the coupled
amplitudes are given by

ã1 = −a cos f

(u − UR + G)
, (3.10)

ã2 = a sin f

(u − UR)
(3.11)

and ã3 = −a cos f

(u − UR + G)
. (3.12)

We note that the resonance with higher energy, u = UR + G, is not able to
be excited in this system. That is, there is no excitation amplitude that has
a maximum for this condition. This is a dark mode or subradiant mode. This
is seen as mode 3 in figure 3b, which has opposing charge distributions on
nanoparticles 1 and 3 and therefore has a zero dipole moment. If there was
a coupling between nanoparticle 2 and the other nanoparticles, then we might
expect that this mode could be excited. As before, the spectrum was calculated by
adjusting the relative values of G and G to produce a spectrum that resembles that
measured experimentally, as shown in figure 3b. The calculated spectrum gives
two relatively strong resonances, one for light incident with polarization f = 0◦
and one incident with polarization f = 90◦. Two quite well-separated resonances
are also observed experimentally. In each of these modes the coupling occurs only
through two of the three rods, and is not transmitted to the third. This is in
contrast to the case for the arrangement of figure 2a and is consistent with the
findings for ‘T’ and ‘L’ structures for rod dimers [17]. From the results here, it
is obvious that coupling occurring between a longitudinal mode and a transverse
mode is not particularly strong, and excitation of the longitudinal mode of either
rod does not lead to a significant transfer of this energy into the other rod. In
geometries where the rods are all interacting via their longitudinal modes, the
coupling is very strong and the plasmon resonance extends throughout the full
structure. However, this is directional and only applicable for excitation of the
perpendicular rod in the structure.

For the last structure, figure 2c, we have direct coupling between the two longer
structures that we write as G13 = G31 = Gl and the coupling to the smaller central
nanoparticle (which is almost a sphere) is G12 = G21 = G23 = G32 = Gs with Gl > 0
and Gs > 0. We assume that nanoparticles 1 and 3 are identical, with resonance
UR, but note that nanoparticle 2 is much smaller, with a higher resonance
UH. This means that the coupling coefficients are not symmetric. For example,
C12 = −Gs/(u − UR) whereas C21 = −Gs/(u − UH). The determinant yields the
three resonances

u = (UR + UH − Gl)/2 ±
√

8G2
s + (Gl + UH − UR)2/2

and u = Gl + UR. The excitation amplitudes are a1 = a3 = −a/(u − UR) and
a2 = −b/(u − UH), where we use two different constants, a and b, since the dipole
moment of nanoparticle 2 is different from those of the other two nanoparticles.
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The coupled amplitudes are then found to be

ã1 = a(u − UH) − Gsb
2G2

s − (u − UR + Gl)(u − UH)
, (3.13)

ã2 = b(u − UR + Gl) − 2Gsa
2G2

s − (u − UR + Gl)(u − UH)
(3.14)

and ã3 = a(u − UH) − Gsb
2G2

s − (u − UR + Gl)(u − UH)
. (3.15)

The modes of the rod–sphere–rod trimer are essentially simple two-particle
resonances due to the very small coupling between the sphere and the rods.
Therefore, they should have the resonance of an equivalent two-rod system
aligned end-to-end and this is borne out. A single intense peak with no structure
is observed upon excitation with f = 0◦ polarized light at 750–800 nm both
experimentally and predicted via calculation. The spectrum shown in figure 3c
shows the one dominant feature that arises from nanoparticles 1 and 3, which is
the lower-frequency resonance. The higher-frequency resonance associated with
the sphere (nanoparticle 3) has only a small dipole moment. A third resonance
should occur at u = Gl + UR, but this resonance is absent in the expressions for
the excitation amplitudes in equations (3.13) and (3.15). This situation arises
because the mode is predominantly a quadrupole (mode 2 in figure 3c), which
cannot couple with the incident light field.

In general, the analytical formulae show good qualitative agreement with the
experimental data shown in figure 1. However, we must note that the calculated
spectra are based on the assumption that only the fundamental dipole modes are
involved in the coupling. Because of the very close proximity of the nanoparticles
to one another, it is highly probable that higher-order modes will be excited and
will contribute to the location of the resonances. Although the electrostatic dipole
approximation used for these calculations breaks down at very small interparticle
distances, we are interested in the modes and their relative energy levels rather
than the absolute energy levels. The trends predicted by calculations all agree well
with the experimental data. Indeed, it is only recently that quantum chemical
calculations for two coupled particles have predicted the breakdown of classical
theory at distances less than 1 nm [25], close to that observed here. In all the
experimental data a very small resonance is observed around 600–650 nm. This is
possibly a higher-order mode, such as a quadrupole mode, which is not predicted
by the calculations due to the approximations used. It may also be due to the
effects of symmetry breaking (as a result of the slightly different nanorod aspect
ratios present in the assemblies) [36].

4. Conclusions

In summary, we have examined theoretically and experimentally the single-
particle spectra of gold nanorod trimers. We find that the peaks can be identified
and the relative intensities can be predicted using the plasmon coupling theory
[28,29]. However, the precise plasmon energies depend upon an exact knowledge
of particle morphology and spacing.
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